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1 Introduction

Throughout this paper, let �be a non-empty finite set with �elements. We

denote by ��(�) the full matrix ring with complex entries whose rows and

columns are indexed by the elements of �. Let ��＝�����. Then ��

(��) is a subset of ��(�).

1.1 Definitions of spin model and association scheme

A spin model �∈��(��) is defined to be a matrix which satisfies two con-

ditions (type II and type III). Whenever we use the symbol �∈��

����, the (���)-entry of � is denoted by � (���) for ���∈�. A type II
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matrix on a finite set � is a matrix �∈������which satisfies the type II

condition :

�
���

������

������
������ �for all ������� ( 1 )

Let � �������be defined by � (��	)＝W(�	���
��

. Then the type II

condition is written as �� ＝�
. Hence, if � is a type II matrix, then

� is non-singular with �
��

��
��
� .

A type II matrix ��������is called a spin model if � satisfies the type

III condition :

�
���

������������

������
��

������

������������
�for all ��������

( 2 )

for some nonzero real number �with �
�

＝�, which is independent of the

choice of �������. It is known that, under the type II condition, ( 2 ) is

equivalent to the following :

�
���

������

������������
��

������������

������
�for all ���������

( 3 )

Setting ���in (４),

�
���

�

������
��������� ( 4 )

Let 
�(�＝0, 1, �, �) be subsets of �	�with the property that

(i) 
�＝
�����������

(ii) �	��
�
�

��
��
���if ���.

(iii) 

�

��
�
� for some �

�

�
���������where 

�

��
���	���	���

�
���

(iv) For ������
��������, the number of ��� such that (���)∈
�

and (��	)∈
�is constant whenever (��	)∈
�. This constant is
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denoted by �
�
��.

(v) �
�
��＝�

�
��for all �����.

Such a configuration ���������
�

����is called a commutative association

scheme of class �on �. The non-negative integers �
�
��are called the intersec-

tion numbers of ���������
�

����.

The �-th adjacency matrix ���	�(�) of ���������
�

����is defined to be

the matrix whose rows and columns are indexed by the elements of �and

whose (
��) entries are

���
����
� if �
�������

� otherwise.

�			
			�

��is a (0, 1) matrix. The conditions (i)���(v) are equivalent to the next

�i�



, ���iv�



, respectively :

�i�



��＝�, the identity matrix.

�ii�



�����������
, the matrix whose entries are all 1.

�iii�



�
�

����

for some �




����������.

�iv�



������
�

���

�
�
���� for all ���.

�v�



���������for all ���.

Let � be the subalgebra of 	����spanned by the adjacency matrices

���������. � is a commutative algebra of dim�����. � is called the

Bose-Mesner algebra of ���������
�

����.

Since � is semi-simple, there uniquely exists the set of the primitive

idempotents ����
�

���, where ���
�

�

. So, ����

�

��� is the basis of �. Hence,

� has two good basis ����
�

��� and ����
�

���. We define the first eigenmatrix

�of ���������
�

����by the transformation matrix such that
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���������������������

Conversely, ����
�

��� is expressed by ����
�

���as

����������
�

�
�����������

� is called the second eigenmatrix of ������	��
�

����. From these equa-

tions, we have

�������
�

We define the valency ��of 	�and the multiplicity ��of ������	��
�

����by

�����
	�����
�		�����	���

���dim���rank ���

where ��is the image of ��：�→ ��. In general, we have

����������������

Latter, we will use the next relations :

����

��

�
����

��

� ( 5 )

�
�
���

����

� 

�

���

�

�
�
�

������������� ( 6 )

1.2 Relations between spin models and association schemes

Let � be the Bose-Mesner algebra of a commutative association scheme

�� ���	��
�

���� �. A duality of � is a linear map �：� → � such that

�
�

������
�

for �	�� ( 7 )

����������
���� for ���	�� ( 8 )

The next theorem is due to [13].

Theorem 1. Let �	������be a spin model with modulus �. There is a

Bose-Mesner algebra � on � containing �, � with duality �given by

�������
�


���� ��� ( 9 )
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for all ���.

By Theorem 1, a spin model � is expressed by the adjacency matrices of

� as follows :

���
�

���

����� (10)

for some ��������������. Moreover, it is known that �����

	��

�

����with a spin model � is self-dual (��	) using a duality 
.

One of the examples of spin models is a Potts model, defined as follows.

Let �be a finite set with �elements, and let ��
�������be the identity

matrix and the all 1’s matrix, respectively. Let �be a complex number sat-

isfying

��
�
��

��
�
�

�� if �
��

�
�
��if ���� (11)

Then a Potts model �� is defined as

����
�
���

��
�
����

As examples of spin models, we know only Potts models [14, 11], spin

models on finite abelian groups [3, 6], Jaeger’s Higman-Sims model [11],

Hadamard models [18, 13], non-symmetric Hadamard models [13], and

tensor products of these. Apart from spin models on finite abelian groups,

non-symmetric Hadamard models are essentially the only known family of

non-symmetric spin models.

If � is a spin model, then by [13, Proposition 2],

�
�

�
��

���� (12)

is a permutation matrix. The order of ��as a permutation is called the index

of the spin model �. Note that � is symmetric iff �
�

�
��

��.

A Hadamard matrix of order �is a square matrix �of size �with entries

��satisfying ��
�

���. In [13], F. Jaeger and K. Nomura constructed non-
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symmetric Hadamard models, which are spin models of index 2 :

��

� �

� �� ����

� ��

�� �� ����

�� �

� ��� ����
� � �

� �� ����� �� (13)

where �is a primitive 8-th root of unity, �����	�
�is a Potts model, and

����	�
�is a Hadamard matrix.

Note that non-symmetric Hadamard models are a modification of the ear-

lier Hadamard models ([13], see also [13, Section 5]), defined by

�
�

�

� �

� �� ����

� ��

�� �� ��	�

� ��

�� �� ��	��
� � �

� �� ����� �� (14)

where 	is a 4-th root of unity.

By [13, Proposition 3] we have the following :

Theorem 2. Let � be a spin model of index m. Then the following holds :

(i) there is a partition of �:

����
��
�
�
�� (15)

of equal sizes such that

�	�����

���
�	���� 	������������� (16)

where 
is a primitive 
-th root of unity.

(ii) Write ���
�

���

����and �
�

�����. Then �������

Now, we fix ���� in (15). Then, we have a disjoint union of �with

����	��
��	��
�
��	��� (17)

Since �
�

��
��

�� by Theorem 1, we have �
�

�
��

�����. Therefore,

in (17) there exists ��	��such that ���	�����.
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Lemma 1. Let ��������be a spin model of index ����Let � be the

Bose-Mesner algebra such that ��� with dim������Then we have

������

Proof. Since the order of �� is �, �
�

������	��
��are all distinct. So

we have the assertion. □

Lemma 2. For any �����	��
��, there exists 	����	��
��such

that


����
�	�

Proof. For distinct 	��	�����	��
��, assume that


������	����


������	����

Then �	�
	����
�.

Let ��
������	��
�
������	��Then (���), (��
)�
�. From

(10), we have

��������������
��

From (16), we have

�����

	���������


	���
����

Since (���), (
��)�
�
�, we have ���������
���. Therefore we

have �
	�
	���. This is a contradiction. □

Lemma 3. For 	��, 
�with 
����
�	is nonsymmetric.

Proof. Assume that 
�is symmetric. Let ��
����. Then

������
�� ������
��

We have ����������������. On the other hand, by (16)

��������

	
�������

So we have �

	
��. This is a contradiction. □

By [13, Proposition 7, Proposition 8], we have the following :

Theorem 3. The general form of spin models of index 2 is given by

Nonsymmetric spin models of index 2 on association schemes of small classes
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��

� � � ��

� � �� �

��
�

�
�

� �

�
�

��
�

� �

�
���
����
���
���

�
���
����
���
���

with ���symmetric, (18)

where rows and columns are parameterized by 4 blocks �����������of equal

sizes as a copy of Y. We set ��	�	�Then, 	�	�	����Moreover, we have

�
�

� �

� �

� �

� �

���
���
���
����

���
���
���
����

� (19)

�
�����
is a spin model with loop variable �
, where 

�

���if and

only if the next (i) and (ii) hold.

(i) ���are spin models with loop variable 
and �is a type II matrix,

(ii) The next identities hold for all �����
�：

�
�
�

�����
�����


�����

�


�����


�����
�����

� (20)

�
�
�

�����
�����


�����

��


�����


�����
�����

� (21)

In this paper, we prove the following :

Theorem 4. Let �
�����
be a spin model of index 2. Assume that � be-

longs to the Bose-Mesner algebra of �� ������
�

���� �with at most ���. Then,

� is one of the following :

(i) � spin model on the cyclic group of order 4.

(ii) Non-symmetric Hadamard models,

(iii) In (18), A is a spin model on strongly-regular graph, ���
��

�, where

�is a primitive 8-th root of unity, and �is a Hadamard matrix of order

�.
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1.3 Spin models of index 2 and association schemes

Throughout this subsection, we consider nonsymmetric spin model of index

2 on nonsymmetric association schemes of class ���.

We decompose ��� into a diagonal block �� and a non-disgonal block

��which satisfy Theorem 2(i) as follows :

�������������������

�������������������

By (19), we have

������ (22)

For a fixed ����, we have

�������� ����������

�������� ����������

Lemma 4. The number of �	containing in ��is even.

Proof. By Lemma 3,

�		�� 
����



		���

Hence, ��has even relations. □

Lemma 5. Let �	���	�	��and �



	���	��Then �	���	��

Proof. Let ���	����. Then, by the assumption

�������	� 
����������	��

Since ��
are symmetric,

�	�����������������	��

□

Next, we consider nonsymmetric association schemes of class �
�,

using Lem-mas 4, 5.

1.3.1 Case of ���

Let � be a spin model of index 2 on a nonsymmetric association scheme

Nonsymmetric spin models of index 2 on association schemes of small classes
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����������������. Then, by Lemma 4 and (22), we have a contradic-

tion.

1.3.2 Case of ���

Let � be a spin model of index 2 on a nonsymmetric association scheme

�������������������. Then, by suitable rearrangement of indices, by

Lemma 4 we may set

���������

���������

By (22) we have ����. Then ���. In [5], spin models with at most 7 ver-

tices are classified. We know that such a spin model is only the cyclic group

of order 4.

1.3.3 Case of ���

Let � be a spin model of index 2 on a nonsymmetric association scheme

����������������������. Then, by suitable rearrangement of indices,

by Lemma 4 and (22), we may set

����������� ������

�������� �
�

����� 	�

Then

����	
��

������	�

Since 
 in (18) takes the same non-diagonal entries, 
 is a Potts model.

Since �is a type II matrix, we have ���
���We set ���

�

� 
, where 
 is

a Hadamard matrix. So, � is a nonsymmetric Hadamard model.
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1.3.4 Case of ���

Let � be a spin model of index 2 on a nonsymmetric association scheme

�������������������������. Then, by suitable rearrangement of indi-

ces, by Lemma 4 and (22), we have the next two possibilities :

���������������

���������������

�			
			�

���������������������

�������� �
�

����� 
�

�				
				�

The former leads us to a contradiction by ���������and ����������

We consider the latter. If �
�

�����then by Lemma 5 we have 	��	��By

������this case is reduced to ����Similarly, if �����are symmetric and

	��	��then ����� is reduced to ����Therefore, we assume that �����

are symmetric and 	��	��

In what follows, we are mainly interested in the latter case, i.e.,

����������

��������������������：symmetric�������

�������� �
�

����� 
�

���
�


��

	
�
�	��	��	��	���

�														
														�

(23)

Then we want to determine the general form of the adjacency matrices

��
�
�


��with (23). Before that, we mention the general facts of (23).

Let � be a spin model of index 2. Assume that � belongs to the Bose-

Mesner algebra ��������������with the next condition :
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����������

����
���

��������：symmetric���������

���������� �
�

������� ��

��	
�

���

	�
��	����	��	��
�	���：distinct��

���������������
���������������

(24)

where 
��� is given by the form (19). Then we have the following :

Lemma 6. Let � be a spin model of index 2 on a nonsymmetric association

schemes of class �with the condition (24). Then we have

	�����	��

Proof. Since �is a type II matrix, �is covered by distinct values 	����	�. By

����������, we set ��	����, � is a Hadamard matrix. Hence, 	���

��	�� □

Lemma 7. The adjacency matrices 
����
� are given by


����


��

�


��

�


��

�


��

�


��
�

�


��
�

�


��
�

�


��
�

�

�
���
����
���
���
����
���
���

�
���
����
���
���
����
���
���

� (25)


��


��

�


��

�


��

�


��

�


��
�

�


��
�

�


��
�

�


��
�

�

�
���
����
���
���
����
���
���

�
���
����
���
���
����
���
���

�

�

���� (26)
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Proof. It is immediate from (18) and Lemma 6.

Lemma 8. For �����������we have

����������

Proof. By suitable rearrangement of indices, assume that

����������

����������

�

���������������	����
�����

Then, using �
�

�����, we have

����������

����������

�

����������������

From (24) and Lemma 6

��������������
���

���

�������������������������������������

��������	�������������	����������������������

����������������������

�
�

�������
���

���

��������������������������

From (16)

�
�

������ 
���	������	���������	������������	������������

���

Since ����������are all distinct, we have ��������������������This is a

contradiction by Lemma 5. □

Lemma 9. Let � be a spin model of index 2 on a nonsymmetric association

schemes of class d with the condition (24). Then, ��is a primitive 8-th root of
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unity.

Proof. Putting ���in (21), we have

LHS� �
���

������
�

������

� �
���

�
�

�

������

��
�

��
���

�

������

�	���
�

��

RHS��	

�����

������
�

��	
��

�
�

�

�by (4)��

Hence, we have �
�

����. □

Next, we determine the general form of ��������������Then we

have the following :

Lemma 10. The adjacency matrices �������������of a nonsymmetric

associ-ation scheme of class �with the condition (24). are given by

���


� 
�


� 
�


� 
�


� 
�

�	
				
			
			



��
����
���
���



�

where 
��
�are symmetric.

Proof. Since ��is symmetric, we firstly consider the next two cases :

���

� 




�

�

� 




�

�

�		
			
				
			



���
���
����
���



or ���


� �

� 
�


� �

� 
�

�	
				
			
			



��
����
���
���



�
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where �����������are symmetric. However, the both cases do not satisfy

���������. By Lemma 8, this is a contradiction. Therefore, we set

���

�� ��

�
�

� ��

�� ��

�
�

� ��

��
�
�
�
�������
��

��
�
�
�
�������
��

�

where �����������are symmetric. Then

�������

�� ��

�
�

� ��

�� ��

�
�

� ��

�����
���
���
���

�����
���
���
���

� �

� �

� �

� �

�
���
����
���
��

�
���
����
���
��

�

�� ��

�� �
�

�

�� ��

�� �
�

�

�����
���
���
���

�����
���
���
���

����

�������

� �

� �

� �

� �

�
���
���
����
��

�
���
���
����
��

�� ��

�
�

� ��

�� ��

�
�

� ��

����
����
���
���

����
����
���
���

�

�
�

� ��

�� ��

�
�

� ��

�� ��

����
����
���
���

����
����
���
���

����

From these, we have

����
�

��

������

������

�
�

�����

Hence, we have the assertion. □

Here, we return to the case (23). Let � be a spin model of index 2 on

a nonsym-metric association scheme of class 5 with the condition (23).

Then, by Lemmas 7, 10, 	��

�

���are given by
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���

�

�

�

�

�
���
����
���
��

�
���
����
���
��

�

���

�� ��

�� ��

�� ��

�� ��

��
���
����
���
�

��
���
����
���
�

������：symmetric	�

���

�� ��

�� ��

�� ��

�� ��

���
���
����
���

���
���
����
���

������：symmetric	�

���

� �

� �

� �

� �

�
���
���
����
��

�
���
���
����
��

�

���

�
�

�

���

�

���

�

�
�

�

���
�

�

�
�
�

�

�
�
�

�

���
�

�

��
���
���
����
���
���
����
���

��
���
���
����
���
���
����
���

�
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���

���

�

���

�

���

�

���

�

���
�

�

���
�

�

���
�

�

���
�

�

�
���
����
���
���
����
���
����

�
���
����
���
���
����
���
���	

��
�

��

Then, � with the condition (23) is given by

������������������������������� �
�

����
 ��

In (18), � is symmetric spin model. From the shape of ���

�

���, we have

����	���
����
��

and ���	�
��
��is the Bose-Mesner algebra of a strongly regular graph.

Then we have the next first eigenmatrix ��of ���
��	�
��
�
�given by

��������as follows :

Lemma 11. Let � be a symmetric spin model on a strongly regular graph

���
��	�
��
�
�, where 	�
��
���
���are adjacency matrices. Let
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Moreover, ��is self-dual.

Proof. The proof basically depends on the method of K. Nomura. Let
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Then

�has non-trivial solutions ����det����

det����������������
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By Newton’s relations, we have
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From the second equation, we have
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From the first equation, we have
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□

Using ��in Lemma 11, by (6) we calculate the intersection numbers �
�
	
as

follows :

Lemma 12. The intersection numbers ��
�
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Proof. The proof is based on the Mathematical software “Maple”:
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"�������� �!��������# �!����"��!$����������%"�!������ �!!&�

���"�������������"�!$��������%"�!!��������# �!����"��!$
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□

Using Lemma 12, we determine the intersection numbers �
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����of a nonsymmetric association scheme with (23). We set
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Then, we have the following :

Lemma 13. The intersection numbers �
�
��������������� of a

nonsymmetric asso-ciation scheme with (23) are given by the following :
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����������������similar to ������
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������������by [13, p. 264]��
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Lemma 14. The Bose-Mesner algebra � with (23) has a duality
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By Lemma 12,
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We now show that � is a duality.

Checking (7), i.e., �
�

�	����	
�

for every 		�, amounts to checking

that 

�

����, where � is the matrix of the transposition operator in the

basis 
����������
. This is an easy computation.

To verify (8), we shall check that �����
�����������
�for ��
	


�����
. To check this, we use the Mathematical Software “Maple”:

��������
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��＝��
����＝������������������� 	�����

!"���!�"#��"$%"

!"��
!�"#���"$%"

!"��!�"#��"&%"

�����	
������
������

!�'�"�	�
���������
�����
���%%	��
������
���(����

�
����(��(＝�))$����

*�%%"�
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������������

□

Assume that �
�
�����. Define

�
���
������	�
��������������
���	����
���
����
����

These numbers usually depend on the choice of ��	�
��. If �
���
���

���	�
�is independent of the choice of ��	�
��, then an association

scheme is called a triply regular. Then (2) is written by

	
�

�������

�
���
������	�
�

����

��
��

��

����

� (27)

By Lemma 13, we have �
�
��������. We want to determine �

���
������	�
�.

Them, we have the following :

Lemma 15. Let ��	
��
���
������	�
����	
��

���
������	�
�be nonnegative inte-

gers. Then, for ���������������
���
������	�
�are given by the following :
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� � � �
���
������	�
�

0 1 4 1

1 0 5 1

1 1 4 ��	


1 1 5 �
�
�����	


1 2 4
��

�
���	
��

1 2 5 �
�
���

��

�

��	

�

1 3 4 1

2 1 4
��

�
���	
��

2 1 5 �
�
���

��

�

��	

�

2 2 4
��

�
�

��

�

��	

�



(944)

Proof. In what follows, as a matter of convenience, we set

���
���
�����������

���
���
�����������

���
���
�����������

���
���
�����������

	��
���
�����������


��
���
�����������

���
���
�����������

���
���
�����������

The procedure is as follows :

First step: Let 
be given in �������. We consider the possibilities of
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2 2 5 �
�
���

��

�
�

��

�
�������

3 1 5 1

4 4 1 	���

4 4 2
�

�
�	���

4 5 1
��

�
�	���

4 5 2
�

�
�

��

�
�	�����

4 5 3 1

5 4 0 1

5 4 1
��

�
�	���

5 4 2
�

�
�

��

�
�	�����

5 5 1 	���

5 5 2
�

�
�	���
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���������such that �
�
��
���. Next, we consider the possibilities of ��

�������such that �
�
��
�����

�
��
���.

Let ���. Then ���and ���.

Let ���. Then ���������, and �����. Then, �
���
���������	are given

by using ��	as follows :

Let ���. Then ������and �����. Then, �
���
���������	are given by

using 
��as follows :

Let ���. Then �������.

Let ���. Then �����. Then the possibilities of �are �������. Then

�
���
���������	are given by using ��
as follows :
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� � � �
���
���������	

1 0 5 1

1 1 4 �

1 1 5 �
�
��
�

1 2 4 	

1 2 5 �
�
��
	

1 3 4 1

� � � �
���
���������	

2 1 4 


2 1 5 �
�
��



2 2 4 �

2 2 5 �
�
��
�

� � � �
���
���������	

4 4 1 �

4 4 2
�

�

�

4 5 1 




(946)

Let ���. Then �����. Then the possibilities of �are �������.

Then, �
���
����������are given by using �, 	as follows :

From the above, we have the following :
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4 5 2



�
����

4 5 3 �

� � � �
���
����������

5 4 0 1

5 4 1 �

5 4 2



�
����

5 5 1 	

5 5 2



�
�	

� � � �
���
����������

1 0 5 �

1 1 4 �

1 1 5 �
�
����

1 2 4 


1 2 5 �
�
���


1 3 4 �

2 1 4 �

2 1 5 �
�
����

2 2 4 �

2 2 5 �
�
����

3 1 5 �

4 4 1 �

4 4 2



�
��



(947)

Second step: Using the above table, for given ���������we change

the roles of ���Then we have the following :
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4 5 1 �

4 5 2
�

�
����

4 5 3 �

5 4 0 �

5 4 1 �

5 4 2
�

�
����

5 5 1 �

5 5 2
�

�
��

� � � �
���
����	�
���

0 4 1 �

1 4 1 �

1 4 2 


1 4 3 �

1 5 0 �

1 5 1 �
�
����

1 5 2 �
�
���


2 4 1 �

2 4 2 �

2 5 1 �
�
����

2 5 2 �
�
����

3 5 1 �

4 1 4 �

4 1 5 �

4 2 4
�

�
��
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In this table, we consider �
�
��
�. Then we have the following :

��
��

�
�����

��
��

�
���

��
��

�
�	�


�
��

�
���

Therefore, we have the following :
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4 2 5
�

�
����

4 3 5 �

5 0 4 �

5 1 4 �

5 1 5 


5 2 4
�

�
����

5 2 5
�

�
�


� 
 � �
�
�
����������

0 1 4 �

1 0 5 �

1 1 4 �

1 1 5 �
�
����

1 2 4
��

�
����

1 2 5 �
�
���

��

�
����

1 3 4 �
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Last step: Using the above table, we change the roles of �����. Then we

have the following :
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2 1 4 �

2 1 5 �
�
����

2 2 4
��

�
��

2 2 5 �
�
���

��

�
��

3 1 5 �

4 4 1 �

4 4 2
�

�
��

4 5 1
��

�
��

4 5 2
�

�
�

��

�
����

4 5 3 �

5 4 0 �

5 4 1 �

5 4 2
�

�
����

5 5 1
��

�
��

5 5 2
�

�
�

��

�
��

� � � �
���
����	�
���

0 5 1 �

1 4 0 �

1 4 1 �

1 4 2 �

1 5 1 �
�
����
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In this table, we consider �
�
��
�. Then we have the following :

��
��

�
�����

��
��

�
���
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1 5 2 �
�
����

1 5 3 �

2 4 1
��

�
����

2 4 2
��

�
��

2 5 1 �
�
���

��

�
����

2 5 2 �
�
���

��

�
��

3 4 1 �

4 0 5 �

4 1 4 �

4 1 5 �

4 2 4
�

�
��

4 2 5
�

�
����

5 1 4
��

�
��

5 1 5
��

�
��

5 2 4
�

�
�

��

�
����

5 2 5
�

�
�

��

�
��

5 3 4 �
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Therefore, we have the assertion.

Using Lemma 15, we calculate (2) in the below:

Since �
�
����, we choose three points �������such that

��������������������������

Then we have the following :

Lemma 16. The triple-intersection numbers ���������defined by Lemma 15

are triply-regular, and

�����
�

�
��

�
�

������
	
��
��
���
�
��	��
��
��

�

�

�

��

�

��	�
�

�

�

��	�
�

Proof. Let �������������� in (18). Then

����		
� �
����


�����
�����

�
�

�����
� �

����


�����
�����

�
�

�����

� �
����

������������

������
� �

����

������������

������
���


�



�

�

�		
���
����

������������

������
���


�



�

�

�		
 �
����

������������

������
���


�



�

�

�		
�����

From this calculation, we have

�
����


�����
�����

�
�

�����
��� (28)

�
����

������������

������
���


�



�

�

� (29)

On the other hand, we calculate (27) by using Lemma 15 :
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�������� �
�����������������

�
���
����������

����

��
��	

��

�
�

�

���� �
�����������

�����

�
���
����������

����

��
� �

�������
���������

�
���
����������

����

��
��	

��

�
�

�

Combining (28) and (29), we have the next correspondence :

�

	��

����
�����
�



�

���
�
������ �

�����������
�����

�
���
����������

����

��
���

(30)

�

	��


���
�
���
�

����
�
�
	

��

�
�

�

���� �
�������

���������

�
���
����������

����

��
��	

��

�
�

�

	

(31)

By Lemma 15, we have

�������� �
�����������

�����

�
���
����������

����

��

�����

�
�

�

��
���

�
��
�����

�
�

�

��
�

��

�

����
�� �����

��

� �
�
��


��

�
�������� �����

��
�

��

�

����
�� �����

��

� �
�
��


��

�
�������� �����

��
�

��

�



��

�
�������� ��

�

�

��

� �
�
��


��

�
�

��

�

����
�� ��

�

�

��

��
�
�

�

��

��

�
��
�����

�
�

�

��
�

��

�

����
�� �����

��


 �
�
��


��

�
�������� �����

��
�

��

�

����
�� �����

��


 �
�
��


��

�
�������� �����

��
�

��

�



��

�
�������� ��

�

�

��
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� �
�
���

��

�
�

��

�
�������� ��

�

�

��

���������
�
���

�
�

�

��
� ������

�
����������� �

����

��

���������
�
�����������

�
�

�

��

���������
�
�����

�

�

��
��

����

��
�

�
�

�

���
���������

�
���

�������
�

��

���

Since �����, we have

�����
�

�
��

�
�

LHS of (31)

	

�������

�
�

�

��
�

	

�
������ ��

�

�

��
�

��

�
������ ��

�

�

��

�
	

�
�

��

�
�������� ��

�

�

��
�

�
�

�

���
���������

��

�� ��
�

�

��
�

	

�
������

	

�
�

��

�
�������� ��

�

�

��
�

�
�

�

���
���

�

�� ������
��

�� ��

��
�

��

�
��������� ��

��
�

�

���
���

�

�� ������
��

�� � �

��
�

�

��� �� �

��
�

�

���
��


��

�
�

�

��

��

�
�

�

	

�RHS of (31)
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Therefore, we have

�
�

� ������
��

�� � �

��
�

�

��� �� �

��
�

�

��� ������

From this equation, we have

������
�������������������������

�

��
�

���
�

����
�

��
�

����
�

Since (2) holds for any ������	, (2) is written by

	

�	

����
�����
�

����
�
��

������

�������������
(32)

(32) 
���� 	
��
�

�������
�

�����

������
� 	

��
�

�������
�

�����

������

� 	
��
�

������������

������
� 	

��
�

������������

������
���

��

����


�����	
��


������������

������
���

�

��


��� 	
��


������������

������
�

�

��
�

Therefore, we have

	
��
�

�������
�

�����

������
��� (33)

	
��


������������

������
�

�

��
� (34)

(33) 
��� ������
�
���������

�
���

��

�
�

��

�
�������� ���

�
��

�
���������

�
���

��

�
�������� �����

��

�
��

�
���������

�
���

��

�
�������� �����

��
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���������
�
����

�
�������������

������
�
�����������

����

��
������

�
�����������

����

��

���
�
���������

���������
�

����

���

Since �����, we have

�����
�

�
��

�
�

(34) ���	�
����
������
��

�����
	

�
������

	

�
�

��

�
�����������

��

��

����
��

�


��

���	��
���
��

�
����������
��������

��

�������
�


��

���	
���
��

�
����������
��������

��

�������



��
�

From this equation, we have

������
�������������������������

�

��
�

���
�

����
�

��
�

����
�

□
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